A rational type contractive condition in partially ordered metric spaces by using ICS mappings and control functions is introduced, and some new fixed point theorems for mappings satisfying such condition are established. An example to support main result is given.
Introduction and preliminaries
The Banach's contraction principle is one of the main tools to prove the existence and uniquness of a fixed point. Because it is one of the most useful tools in the study of nonlinear equations and give widely applications in Mathemaics, many authors gave generalizations and extensions of this contraction principle.
Espectively, the author of [4] obtained a generalization of Banach's contraction principle by introducing the notion of weak contraction mappings. The authors of [14] gave an extension of Banach's contraction principle to the case of partially ordered metric spaces. Since then, a lot of authors ( for example, [1, 2, 5, 6, 7, 11, 12, 13] and references therein) obtained fixed point theorems in partially ordered metric spaces.
Recently, the authors of [3] extended and generalized the result of [4] as follows: Theorem 1.1. [3] Let (X, d, ) be a partially ordered complete metric space. Suppose that a nondecreasing mapping T : X → X satisfies the condition: for all x, y ∈ X with x y, where α, β ∈ [0, 1) with α + β < 1 and L ≥ 0.
Suppose that either T is continuous or (X, d, ) is ordered complete.
If there exists x 0 ∈ X such that x 0 T x 0 , then T has a fixed point in X.
The purpose of the paper is to generalize the above theorem. We give an example to support the main result. Lemma 1.1. Let (X, d) be a metric space, and let {x n } be a sequence of points in X such that lim n→∞ d(x n , x n+1 ) = 0.
If the sequence {x n } is not a Cauchy sequence, then there exists > 0 for which, for all k ∈ N, we can find subsequences {x m(k) } and {x n(k) } of {x n } such that m(k) is the smallest index for which
Also, we have
Let (X, ) be a partially ordered set and (X, d) be a metric space. Then (X, d, ) is called partially ordered metric space. Further, if (X, d) is complete, then (X, d, ) is called partially ordered complete metric space.
A partially ordered metric space (X, d, ) is called ordered complete if for each convergent sequence {x n } of points in X, the following condition holds:
either if {x n } is nonincreasing and lim n→∞ x n = x * implies x * x n for all n ∈ N, i.e. x * = inf{x n }, or {x n } is nondecreasing and lim n→∞ x n = x * implies x n x * for all n ∈ N, i.e. x * = sup{x n }.
Fixed point theorems
Let Ψ be the family of all nondecreasing function ψ :
for all t > 0.
Lemma 2.1. If ψ ∈ Ψ, then the following are satisfied.
(a) ψ(t) < t for all t > 0;
(c) ψ is right continuous at t = 0.
is upper semicontinuous such that ψ(t) < t for all t > 0, then lim n→∞ ψ n (t) = 0 for all t > 0.
Let (X, d) be a metric space. A mapping f : X → X is called ICS if it is injective and continuous such that for any sequence {x n } with {f x n } is convergent, {x n } is convergent. Theorem 2.1. Let (X, d, ) be a partially ordered complete metric space, and let f, T : X → X be mappings such that f is an ICS mapping and T is a nondecreasing mapping. Suppose that f and T satisfy the condition:
for all x, y ∈ X with x y, where ψ ∈ Ψ and L ≥ 0. Suppose that either T is continuous or (X, d, ) is ordered complete. If there exists x 0 ∈ X such that x 0 T x 0 , then T has a fixed point in X.
Proof. Let x 0 ∈ X be such that x 0 T x 0 . Define a sequence {x n } ⊂ X by x n+1 = T x n for all n ∈ N ∪ {0}.
Since x 0 T x 0 and T is nondecreasing, x 0 x 1 x 2 . Inductively, we have
If x n = x n+1 for some n ∈ N ∪ {0}, then x n = x n+1 = T x n , and so T has a fixed point. Thus we assume that x n = x n+1 for all n ∈ N ∪ {0}. Hence
From (2.1) with x = x n−1 and y = x n we obtain
which is a contradiction.
Thus from (2.2) we have
for all n ∈ N.
Hence we have
for all n ∈ N. Thus we have
We now show that {f x n } is a Cauchy sequence. Suppose that {f x n } is not a Cauchy sequence. From Lemma 1.1 there exists > 0 for which, for all k ∈ N, we can find subsequences {f x m(k) } and {f x n(k) } of {f x n } such that m(k) is the smallest index for which
(2.5)
Letting n → ∞ in above inequality (2.6) and using (2.4) and (2.5), we have
Thus {f x n } is a Cauchy sequence in X. Since X is complete, there exists z ∈ X such that
Because f is ICS, there exixts x * ∈ X such that
Since f is ICS,
If T is continuous, then
Assume that (X, d, ) is ordered complete. Since x n ≺ x n+1 for all n ∈ N and lim n→∞ x n = x * , we have x n x * for all n ∈ N. It follows from (2.1) with x = x n and y = x * that
Letting n → ∞ in above inequality, we obtain
which is a contradiction. Hence f x * = f T x * , and hence x * = T x * , because f is injective. Then (X, d, ≤) is a partially ordered complete metric space and order complete.
Let f x = x + 1 for all x ∈ X, and let
Then f is ICS. Let ψ(t) = t for all t ≥ 0 and L = 1. Then ψ ∈ Ψ. We now show that (2.1) holds. We consider the following three cases. Case 1. Let x > y and y = 0.
Then we have
Case 2. Let x > 0(x = 1) and y = 0.
Case 3. Let x = 1 and y = 0. Then
Thus (2.1) is satisfied. Hence all condition of Theorem 2.1 is satisfied . By applying Theorem 2.1, T has a fixed point. Corollary 2.2. Let (X, d, ) be a partially ordered complete metric space, and let f, T : X → X be mappings such that f is an ICS mapping and T is a nondecreasing mapping. Suppose that f and T satisfy the condition:
for all x, y ∈ X with x y, where ψ ∈ Ψ . Suppose that either T is continuous or (X, d, ) is ordered complete. If there exists x 0 ∈ X such that x 0 T x 0 , then T has a fixed point in X. Corollary 2.3. Let (X, d, ) be a partially ordered complete metric space, and let f, T : X → X be mappings such that f is an ICS mapping and T is a nondecreasing mapping. Suppose that f and T satisfy the condition:
for all x, y ∈ X with x y, where k ∈ [0, 1) and L ≥ 0. Suppose that either T is continuous or (X, d, ) is ordered complete. If there exists x 0 ∈ X such that x 0 T x 0 , then T has a fixed point in X. Corollary 2.4. Let (X, d, ) be a partially ordered complete metric space, and let f, T : X → X be mappings such that f is an ICS mapping and T is a nondecreasing mapping. Suppose that f and T satisfy the condition:
for all x, y ∈ X with x y, where α, β ∈ [0, 1) with α + β < 1 and L ≥ 0. Suppose that either T is continuous or (X, d, ) is ordered complete. If there exists x 0 ∈ X such that x 0 T x 0 , then T has a fixed point in X. Remark 2.2. Corollary 2.4 is a generalization of [3] . In fact, if we have f x = x in Corollary 2.4, then Corollary 2.4 reduces to Theorem 12 of [3] .
Corollary 2.5. Let (X, d, ) be a partially ordered complete metric space, and let f, T : X → X be mappings such that f is an ICS mapping and T is a nondecreasing mapping. Suppose that f and T satisfy the condition:
for all x, y ∈ X with x y, where α, β ∈ [0, 1) with α + β < 1.
Suppose that either T is continuous or (X, d, ) is ordered complete. If there exists x 0 ∈ X such that x 0 T x 0 , then T has a fixed point in X. 
Common fixed points
Recall that the following definitions which are used to obtain common fixed point of two self maps.
Let (X, d) be a metric space, and let S, T : X → X be mappings. Then,
(1) S and T are called weakly commuting [16] if
for all x ∈ X.
(2) S and T are called compatible [9] if
whenever {x n } is a sequence such that lim n→∞ Sx n = lim n→∞ T x n = x for some x ∈ X.
(3) S and T are called weakly compatible [10] (or pointwise R-weakly commuting [15] ) if ST x = T Sx whenever Sx = T x.
Remark 3.1. The following are satisfied.
(1) commutativity implies weak commutativity;
(2) weak commutativity implis compatibility; (3) compatibility implies weak compatiblity.
To prove the following common fixed point results, we use Lemma 2.1 and technique in [8] .
Theorem 3.1. Let (X, d, ) be a partially ordered complete metric space, and let f, S, T : X → X be mappings such that f is an ICS mapping and S, T are nondecreasing mappings such that T (X) ⊂ S(X). Suppose that there exists ψ ∈ Ψ such that
for all x, y ∈ X with x y, where L ≥ 0.
Suppose that either T is continuous or (X, d, ) is ordered complete. If there exists x 0 ∈ X such that Sx 0 T x 0 and S(X) is closed, then S and T have a coincidence point.
Moreover, suppose that for any u, v ∈ C(S, T ), u and v are comparable, where C(S, T ) is the set of all coincidence points of S and T . If S and T are weakly compatible, then S and T have a common fixed point in X.
Proof. By Lemma 2.1 of [8] , there exists a subset Y of X such that S(Y ) = S(X) and S : Y → X is one to one.
Define a map A : S(X) → S(X) by
Then A is well defined, because S is one to one. Since S is nondecreasing, Sx Sy whenever x y.
From (3.1) and (3.2) we obtain
for all Sx, Sy ∈ S(X) with Sx Sy. If T is continuous, so is A, and if (X, d, ) is ordered complete, then so is (S(X), d, ).
Suppose that there exists x 0 ∈ X such that Sx 0 T x 0 . Then Sx 0 A(Sx 0 ). From Theorem 2.1 A has a fixed point in S(X). Hence there exists x * ∈ X such that A(Sx * ) = Sx * . By definition of A, T x * = Sx * . Hence x * is a coincidence point of S and T .
Assume that u and v are comparable for any u, v ∈ C(S, T ) and that S and T are weakly compatible.
Let z = Sx * = T x * . Then by weak compatibility of S and T , Sz = T z. Hence x * , z ∈ C(S, T ). Suppose that z x * . Then from (3.1) with x = z and y = x * we obtain
which is a contradiction. Hence f T z = f z. Since f is ICS, T z = z. Thus z = Sz = T z.
Corollary 3.2. Let (X, d, ) be a partially ordered complete metric space, and let f, S, T : X → X be mappings such that f is an ICS mapping and S, T are nondecreasing mappings such that T (X) ⊂ S(X). Suppose that there exists ψ ∈ Ψ such that
for all x, y ∈ X with x y. Suppose that either T is continuous or (X, d, ) is ordered complete. If there exists x 0 ∈ X such that Sx 0 T x 0 and S(X) is closed, then S and T have a coincidence point.
Moreover, suppose that for any u, v ∈ C(S, T ), u and v are comparable, where C(S, T ) is the set of all coincidence points of S and T . If S and T are weakly compatible, then S and T have a common fixed point in X. Corollary 3.3. Let (X, d, ) be a partially ordered complete metric space, and let f, S, T : X → X be mappings such that f is an ICS mapping and S, T are nondecreasing mappings such that T (X) ⊂ S(X). Suppose that there exists α, β ∈ [0, 1) with α + β < 1 such that
Moreover, suppose that for any u, v ∈ C(S, T ), u and v are comparable, where C(S, T ) is the set of all coincidence points of S and T . If S and T are weakly compatible, then S and T have a common fixed point in X. for all x, y ∈ X with x y. Suppose that either T is continuous or (X, d, ) is ordered complete. If there exists x 0 ∈ X such that Sx 0 T x 0 and S(X) is closed, then S and T have a coincidence point.
Moreover, suppose that for any u, v ∈ C(S, T ), u and v are comparable, where C(S, T ) is the set of all coincidence points of S and T . If S and T are weakly compatible, then S and T have a common fixed point in X. for all x, y ∈ X with x y, where L ≥ 0.
